Abstract. This article gives a natural decomposition of the suspension of generalized moment-angle complexes or partial product spaces which arise as polyhedral product functors described below.
Introduction
Spaces which now are called (generalized) moment-angle complexes, have been studied by topologists since the 1960's thesis of G. Porter [39] . In the 1970's E. B. Vinberg [45] and in the late 1980's S. Lopez de Medrano developed some of their features [30] . In seminal work during the early 1990's, M. Davis and J. Januszkiewicz introduced quasi-toric manifolds, a topological generalization of projective toric varieties which were being studied intensively by algebraic geometers [12] . They observed that every quasi-toric manifold is the quotient of a moment-angle complex by the free action of a real torus. The moment-angle complex is denoted Z(K; (D 2 , S 1 )). The integral cohomology of the spaces Z(K; (D 2 , S 1 )) has been studied by GoreskyMacPherson [20] , Hochster [22] , Baskakov [3] , Panov [36] , Buchstaber-Panov [7] and Franz [17, 18] . Among others who have worked extensively on generalized moment-angle complexes 
Statement of results
In this article, a polyhedron is defined to be the geometric realization of a simplicial complex. Generalized moment-angle complexes can be be regarded loosely as a functor from simplicial complexes with values given by subspaces of products of topological spaces. Thus these may be regarded as "polyhedral product functors". Generalized moment-angle complexes are defined next. Define two functors from the category K of simplicial complexes with morphisms simplicial maps to the category CW * of connected, based CW -complexes and based continuous maps as follows. there is a homeomorphism
and again the diagonal group ∆(T m ) = S 1 acts freely on S 2mn−1 with quotient the manifold CP mn−1 . Again when n = 1, there is a homeomorphism
and the quotient by the action of the diagonal subgroup is CP m−1 , a description given by CP m−1 as a toric manifold. A stronger relation between the complex K ′ and a toric manifold M 2n is given in Section 3. 
Two more conventions are listed next.
(1) The symbol X * Y denotes the join of two topological spaces X and Y . If X and Y are pointed spaces of the homotopy type of a CW-complex, then X * Y has the homotopy type of the suspension Σ(X ∧ Y ). (2) Given the family of pairs (X,
which is the subfamily of (X, A) determined by I.
Standard constructions for simplicial complexes and associated posets are recalled next. Definition 2.6. Let K denote a simplicial complex with m vertices.
(1) Recall that the empty simplex φ is required to be in K.
(2) Given a sequence I = (i 1 , . . . , i k ) with 1 ≤ i 1 < . . . < i k ≤ m, define K I ⊆ K to be the full sub-complex of K consisting of all simplices of K which have all of their vertices in I, that is K I = {σ ∩ I|σ ∈ K}. (3) Let |K| denote the geometric realization of the simplicial complex K. (4) Associated to a simplicial complex K, there is a partially ordered set (poset)K given as follows. A point σ inK corresponds to a simplex σ ∈ K with order given by reverse inclusion of simplices. Thus σ 1 ≤ σ 2 inK if and only if σ 2 ⊆ σ 1 in K.
The empty simplex φ is the unique maximal element ofK. Let P be a poset with p ∈ P . There are further posets given by P ≤p = {q ∈ P |q ≤ p} as well as P <p = {q ∈ P |q < p}.
ThusK <σ = {τ ∈K|τ < σ} = {τ ∈ K|τ ⊃ σ}.
On the other hand, given a poset P , there is an associated simplicial complex ∆(P ) called the order complex of P which is defined as follows.
Definition 2.7. Given a poset P , the order complex ∆(P ) is the simplicial complex with vertices given by the set of points of P and k-simplices given by the ordered (k + 1)-tuples (p 1 , p 2 , . . . , p k+1 ) in P with p 1 < p 2 < . . . < p k+1 . It follows that ∆(K) = cone(K ′ ) where K ′ denotes the barycentric subdivision of K.
The following decomposition is well-known [33, 24] for which denotes the wedge, and Σ(X) denotes the reduced suspension of X.
There is a pointed, natural homotopy equivalence
where I runs over all the non-empty sub-sequences of (1, 2, . . . , m). Furthermore, the map H commutes with inductive colimits.
Remark 2.9. The natural homotopy equivalence
8 is defined and used in the proof of Theorem 2.10 below.
Recall from Definition 2.5 that (X I , A I ) denotes the sub-collection of (X, A) determined by I. An application of Theorem 2.8 yields the following splitting theorem.
where (X i , A i , x i ) are connected, pointed CW-pairs, the homotopy equivalence of Theorem 2.8 induces a natural, pointed homotopy equivalence
Z(K I ; (X I , A I ))).
Remark 2.11. The spaces Z(K; (X, A)) generally do not decompose as a wedge before suspending. One example is given where K is the simplicial complex determined by a square, with 4 vertices and 4 edges, and where
The next result is a determination of the homotopy type of the Z(K; (X, A)) in case the inclusions A i ֒→ X i are null-homotopic for every i ∈ [m].
Theorem 2.12. Let K be an abstract simplicial complex and K its associated poset. Let
denote m choices of connected, pointed pairs of CW -complexes, with the inclusion A i ⊂ X i null-homotopic for all i. Then there is a homotopy equivalence
This theorem is a generalization of the wedge lemma of Welker-Ziegler-Živaljević in [47] , applied to generalized moment-angle complexes. Substituting Theorem 2.12 in Theorem 2.10 yields the next result. Theorem 2.13. Let K be an abstract simplicial complex with m vertices, and let
denote m choices of connected, pointed pairs of CW -complexes with the inclusion A i ⊂ X i null-homotopic for all i. Then there is a homotopy equivalence
Two special cases of Theorem 2.13 are presented next where either (i) the A i are contractible for all i or (ii) the X i are contractible for all i. In the case for which all A i are contractible, the decomposition given in Theorem 2.10 has the property that X 
Notice that the spaces Z(K I ; (X I , A I )) of Theorem 2.10 are all contractible unless K I is a simplex of K by Theorem 2.14. The simplices of K have been identified with certain increasing sequences I ≤ [m]. Thus, the next result follows immediately from Theorems 2.10 and 2.14. 
In the situation where (X i , A i , x i ) = (X, A, x 0 ) for all i, the next result follows at once. 
where n is the dimension of K, and f k is the number of k-simplices of K.
When specialized to (X, A) for which the spaces X i are contractible, there is a precise identification of I≤ 
be a family of connected, pointed CW-pairs. If all of the X i are contractible, then there are homotopy equivalences
Since all of the X i are contractible, all of the D(σ) are contractible with the possible exception of D(∅) = A 1 ∧ . . . ∧ A m . Since the element ∅ is the maximal element under reverse inclusion inK, the order complex ∆(K <∅ ) is equal to the barycentric subdivision of K denoted SdK. Furthermore, there are homeomorphisms on the level of geometric realizations |∆(K)| → |SdK| → |K|.
Remark 2.20. For the case (X, A) = (D 2 , S 1 ) and K is a simplicial complex with m vertices, David Stone [42] has shown that the homotopy equivalence
given by Theorem 2.19 extends to a homeomorphism. He does this by "linearizing" a smash product of discs using joins. This result may be interpreted as giving, for any simplicial complex K on m-vertices, a model of Σ m+1 |K| inside an m-fold smash product of two-discs which preserves the combinatorial structure of K in a natural way. 
Then there are homotopy equivalences
Notice that the last corollary implies a decomposition for the homology of Z(K; (D 2 , S 1 )) for any homology theory. The associated additive decomposition for singular homology is due to Hochster [22] , Goresky-MacPherson [20] , Buchstaber-Panov [7] , Jewell [25] , and others. An analogous consequence is given next.
The cohomology ring structure is given by Panov [36] , a feature that does not follow from the above corollary.
Remark 2.25. A simplicial complex K determines the complement of a complex coordinate subspace arrangement as outlined in [7] . This space is Z(K; (C, C * )) which has Z(K; (D 2 , S 1 )) as a strong deformation retract [7] . Similarly, Z(K; (R n+1 , R n+1 − {0})) is the complement of a certain arrangement of real subspaces having Z(K; (D n+1 , S n )) as a strong deformation retract.
Shifted simplicial complexes are defined next. Definition 2.26. A simplicial complex on m vertices is shifted if there exists a labeling of the vertices by 1 through m such that for any face, replacing any vertex of that face with a vertex of smaller label and not in that face results in a collection which is also a face. For a shifted complex, the geometric realization of K and every K I is homotopy equivalent to a wedge of spheres.
The next corollary follows.
is homotopy equivalent to a wedge of spheres.
Remark 2.28. In the special case for which K is a shifted complex, a stronger result than that of Corollary 2.27 was proven by Grbic-Theriault [21] . They prove that Z(K; (D 2 , S 1 )) is homotopy equivalent to a wedge of spheres without suspending.
The theorems of Porter and Grbic-Theriault support the following. 
is a relative bundle (with structure group G), then the above bundle has structure group G n .
Notice that Lemma 2.30 extends easily to generalized moment-angle complexes as follows (with details of proof omitted). 
In any one of these two cases, the following is a fibration:
Natural consequences of Lemma (2.31) arose earlier in the work of G. Porter [39] , T. Ganea [19] and A. Kurosh [28] as discussed next. Porter considered the cases {X i , * i ,
. In this case, consider the natural filtration of the product X 1 × . . . × X m as defined by G. W. Whitehead with j th -filtration given by the space
The subspace W j ( 1≤i≤m X i ) of the product is precisely a choice of a generalized momentangle complex as follows.
In this case, Porter's result gives an identification of the the homotopy theoretic fibre of the inclusion
a result which follows directly from the classical path-loop fibration over X and Lemma 2.31, features elucidated next. Two standard constructions are used here. Recall that the path-space P X of a pointed space (X, * ) is the space of pointed continuous maps f : [0, 1] → X with f (0) = * , the base-point of X. The evaluation map e 1 : P X → X is defined by e 1 (f ) = f (1) and is a fibration with fibre ΩX the space of continuous maps f : [0, 1] → X with f (0) = * = f (1). Observe that there is a fibration of pairs (ΩX, ΩX) − −− → (P X, ΩX)
Next consider the (unreduced) cone CY over a space Y defined as
the quotient obtained from the equivalence relation (1, a) ≈ (1, b) for all a, b ∈ Y with equivalence classes denoted [t, y] . Observe that there is a map
where f x : [0, 1] → X with f x (t) = x. The map κ is evidently a homotopy equivalence. Consider the pair (X × C(P X), P X)
for which P X is the subspace of X × C(P X) given by pairs (
Observe that there is a fibration of pairs
for which π X : X × C(P X) → X is the natural projection. Also, observe that there is an equivalences of pairs (X, * ) → (X × C(P X), P X).
Thus by Lemma 2.31, there is a fibration
as well as the associated fibration (up to homotopy)
a remark recorded as the next Corollary. 
Thus if all of the X i are path-connected, the homotopy theoretic fibre of the inclusion
In addition, a second Theorem of Porter [39] gives the structure of the fibre Z(∆[m − 1] j−1 ; (P X, ΩX)). The next Theorem provides a decomposition of the suspension of
be a family of connected, pointed CW-pairs and recall that
The next result follows from Theorem 2.19.
be a family of connected, pointed CWpairs. Then there is a homotopy equivalence
where t I is the binomial coefficient
) is the fat wedge W m−1 (ΠX i ) and the homotopy fiber is Z(∆[m − 1] m−2 ; (P X, ΩX)). In this case, it follows that there is a homotopy equivalence
T. Ganea [19] had identified the homotopy theoretic fibre of the natural inclusion
as the join Ω(X) * Ω(Y ) in case X and Y are path-connected, pointed spaces of the homotopy type of a CW-complex. This example is a special case of the homotopy theoretic fibre for the inclusion of a generalized moment-angle complex in a product corresponding to the simplicial complex K given by two disjoint points.
The next result gives a determination of the cohomology ring of Z(K; (X, A)) under the conditions that each A i is contractible, and coefficients are taken in a ring R where (1) R is a field, or (2) the cohomology of X satisfies the strong form of the Künneth Theorem with coefficients in R.
Examples in the case R = Z are given by spaces X of finite type which have torsion free cohomology over Z.
Notice that there is a natural inclusion j :
is onto and that the kernel of θ * is defined to be the generalized Stanley-Reisner ideal I(K)
which is generated by all elements x j 1 ⊗ x j 2 ⊗ . . . ⊗ x j l for which x jt ∈H * (X jt ; R) and the sequence J = (j 1 , . . . , j l ) is not a simplex of K. This construction provides a useful extension of the Stanley-Reisner ring [12] as stated next.
Theorem 2.34. Let K be an abstract simplicial complex with m vertices and let
be m pointed, connected CW-pairs. If all of the A i are contractible and coefficients are taken in a ring R for which either (1) R is a field, or (2) the cohomology of X with coefficients in R satisfies the strong form of the Künneth Theorem, then there is an isomorphism of algebras
Furthermore, there are isomorphisms of underlying abelian groups given by
for any reduced cohomology theory E * .
Remark 2.
35. An analogous result for the cohomology ring structure is satisfied for any cohomology theory E * (−) for which E * (X) satisfies the strong form of the Künneth Theorem
Denham and Suciu [16] consider an action of a topological group G on the pair (X, A) together with the natural induced action of G m on Z(K; (X, A)) where K has m vertices. The associated Borel construction (homotopy orbit space) is
The applications here will be restricted to topological groups G which are CW-complexes. Regard G as a subspace of EG given by the orbit of a point corresponding to the identity in G. Denham-Suciu proved the following using their Lemma 2.10 [16] ).
Theorem 2.36. The space Z(K; (BG, * )) is homotopy equivalent to the homotopy orbit space
Furthermore, the natural projection
is a fibration with fibre Z(K; (EG, G)).
Recall the T m -action on Z(K; (D 2 , S 1 )) induced by the natural S 1 -action on the pair (D 2 , S 1 ).
Definition 2.37. Define the Davis-Januszkiewicz space
The space DJ(K) is an example of the construction addressed above by Denham-Suciu [16] . The cohomology ring of DJ(K) was computed first in work of Davis-Januszkiewicz [12] as well as work of Buchstaber-Panov [7] . An elegant proof was given in work of DenhamSuciu [16] .
To 
is isomorphic as an algebra to
where I(K) denotes the ideal generated by 
The decompositions for the suspensions of generalized moment-angle complexes given in Theorem 2.10 specialize to decompositions for Z(K; (BG, * )) as follows. 
Furthermore, there is a decomposition
for any homology theory E * .
Remark 2.41. An analogous algebraic decomposition was given by Björner and Sarkaria in [6] for the special case of (D 2 , S 1 ) and singular cohomology with integer coefficients. The decomposition in Theorem 2.34 is also closed with respect to the Steenrod operations in mod-p cohomology arising from the geometric splitting of the suspension. It is not apparent that the decomposition of Björner and Sarkaria after reduction mod-p preserves the action of the mod-p Steenrod algebra.
Some features of generalized moment-angle complexes together with their stable decompositions in Theorem 2.10 extend directly to simplicial spaces X * and their geometric realizations denoted |X * |. To do so, some notation is given next by analogy with Definition 2.1.
Definition 2.42. Let (X * , A * ) denote the collection of pairs of simplicial spaces
and let (X n , A n ) denote the collection of pairs
where X n (i) denotes the n-th space in X * (i). Define
The next lemma gives the property that the collection of spaces Z(K; (X * , A * )) n for all n ≥ 0 is naturally a simplicial space which is denoted by Z(K; (X * , A * )).
Lemma 2.43. The natural inclusions
are closed with respect to the face and degeneracy operations in the product
That is the following properties are satisfied.
Hence
(1) s j (x) ∈ A n+1 (i) if and only if x ∈ A n (i), and (2) the natural inclusion gives a map of simplicial space
The geometric realization of a simplicial space X * is recalled next for convenience of the reader. Given the collection of pairs of simplicial spaces
where |X * (i)| and |A * (i)| denote the respective geometric realizations.
It is a classical fact [34] that there are homeomorphisms
for simplicial spaces X * (i) for 1 ≤ i ≤ m in case either of the following are satisfied.
(1) Each X * (i) is countable, or (2) the spaces |X * (i)| are locally finite.
A variation in the underlying point-set topology is given in [31] where it suffices to assume that all spaces are compactly generated and weak Hausdorff. The homeomorphism π is induced by the product of the natural projection maps
which gives a map |π j | :
is induced by sending the class of 1≤i≤m |u i , x i | to |w, 1≤i≤m s J i (x i )| where w and the possibly iterated degeneracies s J i (x i ) are specified in [34] . Since the natural inclusion i n : Z(K; (X n , A n )) → X n (1)×. . .×X n (m) is a monomorphism of simplicial spaces by Lemma 2.43, the realization
denote the natural inclusion. The following statement is proven by repeating a proof in [34] .
Theorem 2.45. There is a commutative diagram
where h is the restriction of η, h = η| |Z(K;X * )| .
Furthermore, if either
(1) the simplicial spaces X * (i) are countable, (2) the spaces |X * (i)| are locally finite, or (3) the spaces X n (i) are assumed to be compactly generated and weak Hausdorff, then the map h : Z(K; (|X| * , |A| * )) → |Z(K; (X * , A * ))| is a homeomorphism.
Toric manifolds
This section is a brief introduction to properties of toric manifolds with an emphasis on relationships with moment-angle complexes Z(K; (D 2 , S 1 )). Following Davis-Januszkiewicz [12] and Buchstaber-Panov [36] define a toric manifold starting with T n the real n-torus
Notice that T n acts on C n , n-space by:
where t i z i is the natural multiplication of two complex numbers. The quotient space C n /T n is homeomorphic to R n + = {(x 1 , . . . , x n )| x i ∈ R, x i ≥ 0}. Let M 2n be a 2n-manifold. Say that T n acts on M 2n with locally standard action if (i) every point x ∈ M 2n has a coordinate neighborhood U x invariant under the action of T n ,
(ii) there is a homeomorphism ϕ x : U x → V x ⊂ R 2n = C n with V x open, and (iii) for every t ∈ T n and y ∈ U x , the following are equal
where α x is an automorphism of T n with the standard action on the right-hand side. It follows that M 2n /T n is the union of spaces R n + . Say that M 2n is a toric manifold over P n , if the orbit space is homeomorphic to a simple n-polytope P n . Recall that P n can be described as the intersection of m half-spaces. Notice that P n has faces of codimension 1 to n. Assume that there are m codimension-1 faces, F 1 , . . . , F m and if the intersection
Let σ = (i 0 , . . . , i k ) denote an increasing sequence in [m] . Consider the intersection defined by F σ = F i 0 ∩ . . . ∩ F i k which will be assumed to be non-empty. Then the set of all such σ for which F σ is not empty defines a simplicial complex K ( which contains the empty set by definition ). If K contains an element σ which is not the empty sequence, then K is the dual complex of the boundary complex of the simple convex polytope P n . Moreover, |K| = S n−1 . Note that this particular K is denoted K P in [12] , and [8] .
Notice that T n acts on M 2n . Let π : M 2n → P n denote the quotient map. Observe that T n acts on π −1 (Int(F σ )) with constant isotropy subgroup, denoted λ(F σ ), a (k + 1)-subtorus of T n , where k + 1 = |σ| = length of σ and Int(F σ ) denotes the interior of F σ . In particular T n acts freely on π −1 (Int(P n )). However, T n acting on M 2n has fixed points which are the inverse images of the vertices of P n . The 1-dimensional tori λ(F i ) are uniquely represented by λ(F i ) = {(e 2πiλ i1 , . . . , e 2πiλ in )} for i = 1, . . . , m, where λ i = (λ i1 , . . . , λ in ) is a primitive vector of Z n , that is λ i can be extended to a basis for Z n . Since P n is a simple polytope, every face is given by an unique intersection of codimension-1 faces, the vectors (λ i1 , . . . , λ ik ) are linearly independent for k ≤ n if F σ is a face of P n . Consider the family of codimension-2 submanifolds
where σ = (i 0 , . . . , i k ). Since this intersection is tranverse, M(σ) = π −1 (F σ ) is a codimension-
is an isomorphism. The kernel of λ denoted Ker(λ), acts freely on Z(K; (D 2 , S 1 ), where K is the dual of ∂P n and there is a map
which is a diffeomorphism. Furthermore, the epimorphism λ : T m → T n is split so that T m is isomorphic to Ker(λ) × T n as a topological group. A direct consequence is recorded next for use below. 
is a homeomorphism.
Proof. Observe that λ : T m → T n induces a principal fibration
Next, observe that T m splits as T n × Ker(λ) as a topological group. Notice that (i) T m acts on Z(K; (D 2 , S 1 )), and (ii) the map
The Lemma follows.
This setting is clearer with the following equivalent construction of M 2n and Z(K; (D 2 , S 1 )) due to Davis and Januzkiewicz in [12] . Here, M 2n is the quotient of T n × P n / ∼ where ∼ is the equivalence relation:
where F σ is the unique face such that
σ where x lies in the interior of the unique face, F σ .
Since the map ρ :
is a homeomorphism by Lemma 3.1, and is equivariant with respect to the natural T m -action, it follows that there is a morphism of fibrations (up to homotopy) as given next.
One consequence of this diagram of fibrations and earlier remarks is the following Theorem concerning the cohomology of toric manifolds, [8] or [11] .
Theorem 3.2. The cohomology ring H
where I(λ) is the ideal generated by π *
Proof. First recall that (i) the space E(Ker(λ)) is contractible, (ii) the sequence of maps
is a fibration, and (iii) the map
is a homotopy equivalence. Consider the composite map
and observe that this composite
is again a fibration with fibre M 2n as ρ is an equivalence. By appealing to Morse theory as in [12] , it follows that M 2n has cells only in even dimensions. The E 2 -term of Serre spectral sequence for the fibration
Since all cohomology groups are concentrated in even degrees, the spectral sequence collapses at E 2 . It follows that the cohomology of H * (M 2n ) is the quotient of the cohomology ring of ET m × T m Z(K; (D 2 , S 1 )) modulo the two-sided ideal generated by the image in reduced cohomology of the map
Since ρ is a homotopy equivalence ( in fact a homeomorphism ), the previous statement is equivalent to the statement that the cohomology of H * (M 2n ) is the quotient of the cohomology ring of ET n × T n Z(K; (D 2 , S 1 )) modulo the two-sided ideal generated by the image in reduced cohomology of the map
It is proven in [8] and [16] that the natural map
is a homotopy equivalence, a point addressed in Theorem 2.36 here. By [16] , or Theorem 2.36 here, the cohomology ring of the space Z(K; (CP ∞ , * )) is precisely the Stanley-Reisner ring of K,
where I(K) denotes the ideal generated by x I = x i 1 . . . x i k for which I = (i 1 , . . . , i k ) is not a simplex in K.
Thus the cohomology ring of M 2n is precisely the ring Z[x 1 , . . . , x m ]/I(K) modulo the two-sided ideal I(λ) generated by the image of the map
The Theorem follows.
Preparation
The proof given below for the stable decompositions of moment-angle complexes relies on work of Welker-Ziegler-Živaljević on homotopy colimits of spaces [47] . Relevant features of that work are recalled next for purposes of exposition.
(1) Let CW * denote the category of CW -complexes and pointed, continuous maps. (2) Let P denote a finite poset (partially ordered set).
Given a poset P , define a diagram D of CW-complexes over P to be a functor D : P −→ CW * so that for every p < p ′ in P there is a map
for which d pp is the identity and (redundantly) for p ≥ p ′ ≥ p ′′ . Thus, it follows that
The colimit of D is the space
for which ∼ denotes the equivalence relation generated by requiring that for each
Recall the poset associated to a simplicial complex K with order given by reverse inclusion of simplices and denoted by the symbolK in Definition 2.6. Given a simplicial complex K, there are two diagrams D andD over the posetK given by D(σ) andD(σ) with all the diagram maps induced by obvious inclusions. It follows that
Homotopy colimits are defined next using the order complex ∆(P ) as described in the introduction. Given a poset P and p ∈ P , define a new poset given by
The order complex ∆(P ≤p ) is a sub-complex of ∆(P ). Also, whenever p ≤ p ′ , the natural inclusions induce an injection
For all p 1 < p 2 , there are two natural maps α and β determined by i p 2 p 1 and d p 1 p 2 given by
and
The homotopy colimit of a diagram D(P ) is defined as
where ∼ is the equivalence relation defined by identifying every pair of points α(x, u) and β(x, u).
The next theorem, a restatement of the 'Projection Lemma' stated in [47] as Lemma 3.1 or in [40] permits replacement of colimits by homotopy colimits in the case of CW-diagrams (in particular). One feature of this process is that homotopy colimits frequently have more useful homotopy properties than colimits in the proofs below. 
is a closed cofibration. Then the natural projection map
induced by the projection
is a homotopy equivalence.
The last ingredient required here is the next result, proven in [48] as Lemma 1.8, and stated in [47] as Lemma 4.9 (Wedge Lemma). 
An additional result is developed next. Let Σ : CW * → CW * be the suspension functor. By the definition of colim, if D : P → CW * is a diagram, there is a natural inclusion
and thus a map: 
Proof. Since homology commutes with finite colimits by a check of the Mayer-Vietoris spectral sequence, there is a commutative diagram where the vertical maps are isomorphisms:
Here s * is the inverse of the suspension isomorphism in homology, and c is the commutation isomorphism. Thus h * is an isomorphism in homology. Since both colim((Σ • D)(P )) and Σ(colim((D(P ))) are both 1-connected, J. H. C. Whitehead's theorem gives that h is a homotopy equivalence.
The following 'Homotopy Lemma' given in [39] , [46] and [47] is useful in what follows below. 
The analogous functor with values in smash products of spaces is given in Definition 2.2 by D : K → CW * where
Recall from Definition 2.5 that I denotes an ordered sequence I = (i 1 , . . . , i k ) which satisfies 1 ≤ i 1 < . . . < i k ≤ m. Specialize K to K I the full subcomplex of K given by
Theorem 2.8 states that there is a natural pointed homotopy equivalence
D(σ ∩ I)). Z(K I ; (X I , A I ))) which is natural for morphisms of pairs (X, A) and embeddings in K.
Proof of Theorem 2.12
The hypotheses of Theorem 2.12 are that the inclusion maps A i ⊂ X i are null-homotopic for all i.
where the underlying set of K is K, but ordered with respect to reverse inclusion where
are given by the natural inclusions when σ < τ (i.e. τ ⊂ σ).
The inclusion maps i k : A k → X k are all null-homotopic. Consider the diagram
By hypothesis, i k is null-homotopic, so there is a null-homotopy
Next, define maps α(σ) as follows.
Since the g k are homotopy equivalences, so is α(σ) for all σ ∈ K. Furthermore, if σ < τ (i.e. τ ⊂ σ) the following diagram commutes: 
where π( D) and π( E) are the natural projection map. By Theorem 4.1, the maps
,
are homotopy equivalences. Thus, the induced map
By Theorem 4.2, there is a homotopy equivalance
By definition, there is a homeomorphism
Theorem 2.12 follows.
Proof of Theorem 2.19
Let (X i , A i , x i ) denote a triple of CW -complexes with base-point x i in A i for 1 ≤ i ≤ m such that all of the X i and A i are closed CW-complexes with all X i contractible. Consider the diagram defined next.
Observe that there is an induced homotopy equivalence
by Theorem 4.1. Define a new diagram as follows.
for which all maps
are constant. Since there is a homotopy equivalence
it follows that there are homotopy equivalences
Notice thatF(ω) = * , unless ω = ∅. In the case ω = ∅,
or, more precisely, the barycentric subdivision of |K| witĥ
Thus, there are homotopy equivalences
Theorem 2.19 follows.
Proof of Theorem 2.21
The conclusion of Theorem 2.21 is that there is a homotopy equivalence
Observe that this conclusion follows from Theorems 2. which corresponds to the projection map
with kernel exactly
The kernel is exactly the Stanley-Reisner ideal I(K) by inspection and Theorem 2.34 follows.
Proof of Theorem 2.45
The first preparatory proof in this section is that of Lemma 2.43 which follows from the fact that Z(K; (X, A)) is natural for morphisms with respect to morphisms of pairs,
Proof. The first part of the lemma is to check that
So it suffices to check that if (x 1 , x 2 , . . . , x m ) is in the subset
) is in Z(K; (X * , A * )) n−1 , and (2) s j (x 1 , x 2 , . . . , x m ) = (s j (x 1 ), s j (x 2 ), . . . , s j (x m )) is in Z(K; (X * , A * )) n+1
Notice that a point (x 1 , x 2 , . . . , , x m ) is in Z(K; (X * , A * )) ⊆ X n (1) × . . . × X n (m) provided x t ∈ A n (t) for σ ∈ K and t / ∈ σ. But then d i (x t ) ∈ A n−1 (t) for t / ∈ σ as A * (t) is a simplicial sub-complex of X * (t) by assumption. Similarly, notice that s j (x t ) is in A n+1 (t) if and only if x t = d j s j (x t ) is in A n (t). The lemma follows.
The next proof is that of Theorem 2.45. Since (1) η is a homeomorphism, (2) |i * | is a monomorphism, and (3) s I j (x j ) is in A * (j) if and only if x j is in A * (j), it follows that h is a surjection. Since h is a continuous, bijective, open map, it is a homeomorphism and the theorem follows.
Connection to Kurosh's theorem
The purpose of this section is to point out that certain fibrations above involving the polyhedral product functor give natural, useful covering spaces. For example, Ganea's theorem, a special case of the Denham-Suciu fibration, implies a statement equivalent to a classical theorem within group theory due to A. Kurosh [28] . This section is purely expository development of this connection.
Kurosh's theorem addresses the structure of a free product of discrete groups
One statement of the theorem is as follows. If G is a subgroup of the free product of discrete groups A and B, A ∐ B, then G is a free product of the following groups.
(1) a subgroup of G conjugate in A ∐ B to a subgroup of A, (2) a subgroup of G conjugate in A ∐ B to a subgroup of B, and/or (3) a free group.
The first observation is the following corollary of Kurosh's theorem. 
